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Global L‘ bound and uniqueness results about the Dirichlet problem, yDu q
a u s uŽnq2.rŽny2., u G 0 in V, u s 0 on › V, are obtained, where V ; R n
Ž . Ž .n G 3 is a bounded smooth domain and a g 0, l is close to l , the first1 1
eigenvalue of yD with Dirichlet boundary condition. Q 2000 Academic Press
0. INTRODUCTION
This is the second part of our study on the uniqueness property of some
nonlinear elliptic problems when some parameters in front of linear terms
tend to the first eigenvalues of the corresponding linear problems. In this
part, we are interested in the Dirichlet boundary problem
yDu y a u s uŽnq2.rŽny2. , u ) 0, in V 0.1Ž .½ u s 0 on › V ,
n Ž .where V ; R n G 3 is a smooth bounded domain and a is a constant.
Denote l as the first eigenvalue of yD with Dirichlet boundary condi-1
Ž .tion. It is well known that 0.1 has no solution for a G l or a - 0 when1
Ž .V is starshaped. Throughout this paper we always assume a g 0, l .1
Ž .Equation 0.1 arises naturally from some geometric and physical prob-
lems and has been studied extensively by many authors; see, for example,
w xthe celebrated paper of Brezis and Nirenberg 2 . In this paper we shall
address the asymptotic behaviors and the uniqueness of solutions to Eq.
Ž . Ž .0.1 as a “ l . The local uniqueness property about 0.1 may follow1
1 Current address: Department of Mathematics, University of Oklahoma, Norman, OK
73019; E-mail: mzhu@math.ou.edu
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Žfrom the standard bifurcation result see Section 1 for a different argu-
. Žnq2.rŽny2.ment . But the global uniqueness is unknown. If u is replaced by
p Ž . Ž Ž . Ž ..u in 0.1 and p is a subcritical power that is, 1 - p - n q 2 r n y 2 ,
Žthrough a simple blowup argument by using a Liouville type theorem due
w x. ‘ Ž .to Gidas and Spruck 4 , one can show that L norms of solutions to 0.1
are uniformly bounded as a “ l . However, such an argument breaks1
down in critical cases, since yDu s uŽnq2.rŽny2. does have positive solu-
tions in R n.
Ž . w xWhen V is the unit disk B 0 , Atkinson and Peletier 1 considered the1
Ž .asymptotic behaviors of solutions to 0.1 as a “ l . In this case, in view1
w x Ž .of a standard result of Gidas et al. 3 , one knows that all solutions to 0.1
Ž .are radial. Therefore 0.1 becomes an ordinary differential equation. By
using the shooting method, Atkinson and Peletier were able to show that
L‘ norms of solutions tend to 0 as a “ l . Obviously, such an argument1
will break down once V is not a disk.
The purpose of this paper is, by using energy independent a priori
estimates, to show the following:
THEOREM 0.1. Let V be a smooth bounded domain in R n and u be aa
Ž . 5 5 ‘solution to 0.1 . Then u “ 0 as a “ l . Furthermore, there exists aLa 1
Ž . Ž .constant a ) 0 such that, for a g l y a , l , 0.1 has a unique solu-0 1 0 1
tion.
w xFor energy independent a priori estimates, we refer readers to 7]11
and references therein.
The main step in the proof of the above theorem is to show that L‘
Ž .norms of solutions to 0.1 are uniformly bounded as a “ l . We outline it1
Ž .as follows. Let u be a solution of 0.1 . First of all, by using the method ofa
moving planes, one can show that there exist constants d ) 0 and C ) 00
Ž .such that for a g l r2, l1 1
0 - u x F C , ; x g x g V : dist x , › V F d . 4Ž . Ž .a 0
The main difficulty is to show that u is uniformly bounded in x g V ‹a
Ž . 4dist x, › V G d . We use a contradiction argument. Suppose not, up to0
5 5 ‘some subsequence, u “ ‘ as a “ l . We can show, through someLa 1
 4tedious arguments, that after passing to some further subsequence of u ,a
5 5 ‘ Ž . Ž  U4k . 1Ž .u ? u x “ G x, q in C K for any compact set K inLa a j js1
 U4k Ž  U4k .V_ q , where G x, q is the Green’s function in V with Dirich-j js1 j js1
 U4k let boundary condition and some discrete poles at q ; x gj js1
Ž . 4V dist x, › V G d . However, it is not difficult to show that there is no0
such Green’s function, and we thus derive a contradiction!
We organize this paper as follows. In Section 1, under the assumptions
of the a priori L‘ bound, we prove the uniqueness part in Theorem 0.1. In
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Section 2, we focus on obtaining those a priori estimates. Later on,
n Ž .throughout this paper, we always assume that V ; R n G 3 is a bounded
domain and use C, C , C , . . . , to represent various positive constants.0 1
1. SMALL L‘ NORM IMPLIES UNIQUENESS
Ž .The existence of one solution to 0.1 for a close to l was obtained in1
w x2 . In order to derive a global uniqueness result, we need the following
a priori estimates.
Ž .THEOREM 1.1. There exist constants d ) 0 and C s C d ) 0 such1 1
Ž . Ž .that if u is a solution to 0.1 for a g l y d , l , thena 1 1 1
5 5 ‘u F C.L ŽV .a
The proof of Theorem 1.1 is the main part of this paper and will be
given in next section.
Notice that the only solution to
yDu y l u s uŽnq2.rŽny2. , u G 0, in V1½ u s 0 on › V
is the trivial one. A quick consequence of Theorem 1.1 is the following
corollary, which yields the first part of Theorem 0.1.
Ž . 5 5 ‘COROLLARY 1.1. Let u be a solution of 0.1 . Then u “ 0 asLa a
a “ l .1
We are now ready to give the proof of the uniqueness part in Theorem
0.1 by using the above corollary.
Proof of Uniqueness. We prove it through a contradiction argument.
 4  4Suppose not; then there are sequences a “ l as i “ ‘, u and ¤i 1 a ai i
Ž .such that for all i G 1, u ) 0 and ¤ ) 0 solve 0.1 for a s a anda a ii i
5 5 ‘u y ¤ / 0.La ai i
5 5 ‘Without loss of generality, we may assume that u y ¤ sLa ai i
Ž . Ž . Ž .max u y ¤ . Denote A s max u y ¤ and z s u y ¤ rA .V a a a V a a a a a ai i i i i i i i i
Then z satisfiesa i
yD z y a z s c z in Va i a a ai i i i½ z s 0 on › V ,a i
n q 2 4rŽny2.Ž .where c x s j and j is a positive function between ua a a an y 2i i i i
5 5 ‘and ¤ . It follows from Corollary 1.1 that c “ 0 as i “ ‘. NoticingLa ai i
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5 5 ‘z s 1, using standard elliptic estimates, we know that z “ z inLa a 0i i
2Ž .C V and z satisfies0
yD z y l z s 0 in V¡ 0 1 0~z s 0 on › V0¢max z s 1.V 0
It follows that z is a first eigenfunction of yD; therefore0
z ) 0 in V , › z r›n - 0 on › V , 1.1Ž .0 0
where n is the exterior unit normal on › V.
Ž .On the other hand, since u and ¤ satisfy 0.1 , we havea ai i
yDu ¤ y a u ¤ s uŽnq2.rŽny2.¤H H Ha a i a a a ai i i i i i
V V V
and
yD¤ u y a ¤ u s ¤ Žnq2.rŽny2.u .H H Ha a i a a a ai i i i i i
V V V
Combining with the boundary condition, we have
u ¤ u4rŽny2. y ¤ 4rŽny2. s 0.H Ž .a a a ai i i i
V
Ž .Therefore, for all a , there exists x g V such that z x s 0. Sincei a a ai i i
Ž .z x ) 0 in V, we know that x “ x g › V. Let x be one of the closest˜0 a 0 ai i
points to x on › V. Then the direction of x x is close to the exterior˜a a ai i i
Ž .unit normal n at x as i “ ‘. Since z x s 0, it then follows from the˜0 0 a ai i
2Ž .mean value theorem and z “ z in C V thata 0i
› z0 s 0.
›n xsx 0
Ž .This contradicts 1.1 .
2. A PRIORI ESTIMATES
We devote this section to proving Theorem 1.1 by using energy indepen-
dent a priori estimates. Throughout this section, we always assume that ua
Ž .is a solution to 0.1 .
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Our first lemma says that u has a uniformly upper L‘ bound near thea
boundary of V.
Ž .LEMMA 2.1. There exist some positi¤e constants d and C s C d such0 0
Ž .that for all a g l r2, l ,1 1
u y F C , ; y g y g V ‹ dist y , › V F d . 4Ž . Ž .a 0
This lemma can be proved by the standard moving plane method
wcombined with some interior integral estimates. We refer readers to 5, pp.
x163]164 and shall omit details here.
From now on, we begin to prove Theorem 1.1 by contradiction. Suppose
that Theorem 1.1 is false. We have some sequences a and corresponding
Ž . 5 5 ‘solutions u to 0.1 such that u “ ‘ as a “ l .La a 1
2.1. Definition and Basic Properties on Blowup Points
w xWe classify blowup points of u as in 7 .a
DEFINITION 2.1. Let d be the constant given in Lemma 2.1. A point0
 4y g V is called an isolated blowup point of u if there exist 0 - r F d r2,a 0
C˜ ) 0, and a sequence y g V tending to y as a “ l , such that y is aa 1 a
Ž .local maximum of u , u y “ q‘, anda a a
˜ yŽŽ ny2.r2.< <u y F C y y y for all y g B y . 2.1Ž . Ž . Ž .a a r a
Due to Lemma 2.1, we easily see that an isolated blowup point has a
distance to › V larger than d .0
 4Let y “ y be an isolated blowup point of u . For any 0 - r F d r2,a a 0
set
1
u r s u . 2.2Ž . Ž .Ha a› B yŽ . Ž .› B yr a r a
DEFINITION 2.2. y g V is called an isolated simple blowup point, if y is
 4an isolated blowup point of u , such that there exists a 0 - r F rr3a
Žny2.r2Ž . Ž .independent of a , and r u r has precisely one critical point ina
Ž .0, r for a close to l .1
We present some basic properties on isolated and isolated simple
blowup points.
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LEMMA 2.2. Suppose that y “ y g V is an isolated blowup point. Thena
1for any 0 - r - r, we ha¤e the Harnack inequality3
max u y F C min u y , 2.3Ž . Ž . Ž .a 1 a
Ž . Ž . Ž . Ž .ygB y _ B y ygB y _ B y2 r a rr2 a 2 r a rr2 a
where C is a positi¤e constant independent of r and a .1
LEMMA 2.3. Suppose that y “ y g V is an isolated blowup point. Thena
 4for any R c 1 we ha¤e, after passing to a subsequence u , thata
y1 y2rŽny2.u y u u y x q yŽ . Ž .Ž .a a a a a a
Ž .y ny2 r22< < 2y 1 q k n x “ 0 2.4Ž . Ž .Ž . Ž Ž ..C B 02 R
Ž . Ž Ž ..y1as a “ l , where k n s n n y 2 .1
 4LEMMA 2.4. Suppose that R is sufficiently large and u are those gi¤en ina
Lemma 2.3 and y “ y is an isolated simple blowup point. Then there exista
Ž . Ž .0 - d , e g 1 and r s r d ) 0, such that for a g l y e , l ,1 0 0 1 1 1
Ž .2 dr ny2 y1 2ynqd< <u y F C u y y y yŽ . Ž .a 2 a a a
y2rŽny2. < <for Ru y F y y y F r , 2.5Ž . Ž .a a a 0
where C is some positi¤e constant independent of a .2
w xWe refer readers to 7, 9 for the proofs of Lemma 2.2]2.4.
We can then show the following proposition.
PROPOSITION 2.1. Suppose that y “ y is an isolated simple blowup pointa
 4and u is the same subsequence as gi¤en in Lemma 2.3. Then there exista
Ž .constant C ) 0 and 0 - e - 1, such that for a g l y e , l ,2 1 2 1
< < 2yn < <u y u y F C y y y , ; y y y F r , 2.6Ž . Ž . Ž .a a a a a
where r is gi¤en in Definition 2.2.
Ž . nProof. We first show that 2.6 holds for all y s y q me, where e g Ra
is a unit vector, m - s , and s is some small constant which will be1 1
Ž .chosen in the following. Let w be the first eigenfunction of yD in B y2 s1
with respect to the Dirichlet boundary condition. It is well known that as
s becomes smaller, the corresponding first eigenvalue will become larger.1
Ž .Since a F 2l , we are able to choose s F r r is given in Lemma 2.41 1 0 0
sufficiently small so that
yDw y aw ) 0 in B y . 2.7Ž . Ž .s1
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Let g s r 4rŽny2. dy dy ; L and L denote the conformal Laplaciani i 0 g
operators of Euclidean metric and g, respectively. It is well known that
yŽ nq2.rŽny2. ‘L f s r L fw , ;f g C B y . 2.8Ž . Ž . Ž .Ž .g 0 s1
Denote u s u rw. Easy to see that u satisfies˜ ˜a a a
yD u q R u s awy4rŽny2. ? u q uŽnq2.rŽny2. ,˜ ˜ ˜ ˜g a g a a a
Ž .where R is the scalar curvature of B y with respect to metric g. Takingg s1
Ž .f s 1 in 2.8 , we have
R s yDwrw Žnq2.rŽny2. .g
Therefore, u satisfies˜a
Žnq2.rŽny2.yD u q k u s u in B y , 2.9Ž . Ž .˜ ˜ ˜g a a a a s1
Ž . yŽ nq2.rŽny2. Ž .where k s yDw y aw ? w . Due to 2.7 , we know that k )a a
Ž .0 in B y .s1
Ž . y1Ž . Ž .Let w y s u y q me ? u y ; then w satisfies˜ ˜a a a a a
Ž .4r ny2 Žnq2.rŽny2.yD w q k w s u y q me w in B y . 2.10Ž . Ž . Ž .˜g a a a a a a s1
Ž .Notice u rC F u F Cu in B y . It follows from Lemma 2.2 that for˜a a a s1
Ž .  4 Ž .all compact sets K ; B y _ y , there exists some constant C K suchs1
that
y1C K F w F C K on K .Ž . Ž .a
Ž .4rŽny2.Due to Lemma 2.4, we know that u y q me “ 0. It then follows˜a a
from standard elliptic theories that after passing to some subsequence, as
a “ l ,1
2  4w “ w in C B y _ y ,Ž .Ž .a l oc s1
Ž .where w y satisfies
 4yD w q kw s 0, w ) 0 in B y _ yŽ .g s1
Ž . Ž . yŽ nq2.rŽny2.with k y s yDw y l w ? w G 0.1
Notice that for any fixed e and s1
y1 Žny2.r2 Žny2.r2lim u y q s e r u r s r w r ,Ž . Ž . Ž .˜ ˜a a 1 a
a“l1
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where
1 1
u r s u , w r s w.Ž . Ž .˜ ˜H Ha a› B y › B yŽ . Ž .Ž . Ž .› B y › B yr rr r
Žny2.r2 Ž .Since y is an isolated simple blowup point, we know that r w r is
Ž .nonincreasing for 0 - r - r. This implies that w y has a singular point at
w xy. It follows from 9, Corollary 9.1 that there exists a constant m ) 0 such
that
lim = w ? n s ym.H g
g“0 Ž .› B yg
Therefore as g sufficiently small,
y Dw s y =w ? n s y = w ? n q o 1 ) mr2,Ž .H H Ha a g a
Ž . Ž . Ž .B y › B y › B yg a g a g
2.11Ž .
Ž .where o 1 “ 0 as a “ l .a 1
Ž . Ž .On the other hand, since k y G 0, we have from 2.10 that fora
g - s ,1
y D w yŽ .H g a
Ž .B yg a
Ž . Ž .y1 nq2 r ny2s u y q s e u y y k y w y dyŽ . Ž . Ž . Ž .˜ ˜H a a 1 a a a
Ž .B yg a
Ž . Ž .y1 nq2 r ny2F u y q s e u y dyŽ . Ž .˜ ˜Ha a 1 a
Ž .B yg a
Ž . Ž .y1 nq2 r ny2F Cu y q s e u y dy. 2.12Ž . Ž . Ž .Ha a 1 a
Ž .B yg a
Ž .2rŽny2. Ž . Ž .y2rŽny2.Set x s u y ? y y y and r s Ru y . Using Lem-a a a a a a
ma 2.3, we have
uŽnq2.rŽny2.H a
< <yyy Fra a
Ž .y nq2 r2Ž . Ž .nq2 r ny2 2< <F Cu y 1 q k n x dyŽ . Ž .Ž .Ha a
< <yyy Fra a
Ž . Ž .nq2 r ny2s Cu yŽ .a a
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Ž .y nq2 r2 Ž .y2 nr ny22< <= 1 q k n x ? u y dxŽ . Ž .Ž .H a a
< <x FR
y1F Cu y .Ž .a a
Using Lemma 2.4, we have
uŽnq2.rŽny2.H a
< <r F yyy Fga a
Ž . Ž .nq2 r ny2Ž .2 dr ny2 y1 2ynqd< <F C u y y y y dyŽ .H ž /a a a
< <r F yyy Fga a
Ž . Ž . Ž . Ž . Ž .2 dr ny2 ? nq2 r ny2 y nq2 r ny2y2qŽnq2.rŽny2.?dF Cr u yŽ .a a a
y1y2qŽnq2.rŽny2.?ds CR u y .Ž .a a
Therefore
y1Žnq2.rŽny2.u F Cu y . 2.13Ž . Ž .H a a a
< <yyy -ga
Ž . Ž . Ž .It follows from 2.11 , 2.12 , and 2.13 that
u y q me ? u y F C m .Ž . Ž . Ž .a a a a
< <We have established Proposition 2.1 for all y y y s m with m F s .a 1
< <For y y y - r , Proposition 2.1 follows from Lemma 2.3 directly.a a
< <We now use rescaling to establish Proposition 2.1 for r F y y y F s .a a 1
We argue by contradiction. Suppose the contrary; then there exist a
< < < <sequence y satisfying r F y y y F s and y y y “ 0 as a “ l ,ˆ ˆ ˆa a a a 1 a a 1
such that
< < ny2lim u y u y y y y s ‘.Ž .Ž .ˆ ˆa a a a a a
a“l1
< < Ž . Žny2.r2 Ž .  4Set r s y y y rs , and u z s r u y q r z . Then u sat-ˆ ˆ ˆ ˆ ˆ ˆa a a 1 a a a a a a
isfies
yDu y a r 2 u s uŽnq2.rŽny2. in B 0 .Ž .ˆ ˆ ˆ ˆa a a a s r rˆ1 a
 4It is easy to see that 0 is an isolated simple blowup point of u . Weˆa
Ž .repeat the above procedure notice that a r “ 0 and can show thataˆ
< <u 0 u z F C ; z s s .Ž . Ž .ˆ ˆa a 1
Ž .Choosing z s y y y rr , we have from the above thatˆ ˆa a a
y y yaˆ a
u 0 u F C.Ž .ˆ ˆa a ž /rˆa
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That is,
< < ny2lim u y u y y y y - ‘.Ž .Ž .ˆ ˆa a a a a a
a“l1
Contradiction!
< < Ž .When s F y y y F r, 2.6 follows from Harnack inequality. We1 a
have hereby established Proposition 2.1.
2.2. Isolated Blowup Points Must Be Isolated Simple Blowup Points
In this subsection, we focus on showing the following proposition.
PROPOSITION 2.2. Let y “ y be an isolated blowup point of u . Then ya a
must be an isolated simple blowup point.
In our current case there is no difference between n s 3 and n G 4.
Ž .Notice that the coefficient in front of the linear term in 0.1 has a
w xdifferent sign from that in the equation studied in 12 .
Proof of Proposition 2.2. Without loss of generality, we assume that ua
Ž .is the subsequence satisfying 2.4 for some sufficiently large R. It follows
Žny2.r2 Ž .from Lemma 2.3 that r u r has precisely one critical point in thea
y2rŽny2.Ž .interval 0 - r - r s Ru y . If y is not an isolated simple blowupa a a
Žny2.r2 Ž .point and m is the second critical point of r u r , we have m G ra a a a
and m “ 0 as a “ l .a 1
Set
d0Žny2.r2 < <j y s m u m y q y , for y - ,Ž . Ž .a a a a a 2ma
where d is given in Lemma 2.1. Then j satisfies0 a
d¡ 0Ž . Ž .nq2 r ny22 < <yDj y y m aj y s j y for y - ,Ž . Ž . Ž .a a a a 2ma
d0Žny2.r2< < < <y j y F C for y - ,Ž .a 2ma
~ lim j 0 s ‘,Ž . 2.14Ž .a
a“l1
Žny2.r2r j r has precisely one critical pointŽ .a
in 0 - r - 1,
d
Žny2.r2r j r s 0.Ž . 4¢ a rs1dr
 4It follows that 0 is an isolated simple blowup point of j .a
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From Proposition 2.1 and the Harnack inequality, we know that for all
n  4 Ž .compact sets K ; R _ 0 , there exists a constant C K ) 0 such that
y1C K F j 0 j y F C K in K . 2.15Ž . Ž . Ž . Ž . Ž .a a
It follows from standard elliptic theories that
2 n  4j 0 j y “ H y in C R _ 0 , 2.16Ž . Ž . Ž . Ž .Ž .a a l oc
Ž .where H y satisfies
n  4D H y s 0 in R _ 0 .Ž .
Ž . < < 2yn Ž . Ž .Thus H y s a y q b y with a G 0 and b y being a regular har-
n Ž .monic function in R . Since H y G 0, we know from the maximum
Ž . Ž . Ž . Ž .principle that b y G 0; thus b y ’ b G 0. From 2.14 and 2.16 , we
have
d
Žny2.r2r H r s 0. 4Ž . rs1dr
Ž .It follows that b s a G 0. Due to 2.15 , we know a s b ) 0.
wWe need to use the following Pohozaev identity. We refer readers to 6,
x12 for the proof.
LEMMA 2.5. Assume that ¤ satisfies
yD¤ y a ¤ s ¤ Žnq2.rŽny2. , ¤ G 0, in V .
Ž .If B x ; V, thens 0
a ¤ 2 s B y , s , ¤ , =¤Ž .H H
Ž . Ž .B x › B xs 0 s 0
a ¤ 2 n y 2
2 n rŽny2.q s q ¤ ,H ž /2 2nŽ .› B xs 0
where
2n y 2 › ¤ s › ¤2< <B y , s , ¤ , =¤ s ¤ y =¤ q s .Ž . ž /2 ›n 2 ›n
Ž .n denotes the exterior unit normal on › B x .s 0
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Ž .We now continue our proof of Proposition 2.2. Denote B s B 0 .s s
Ž .Applying Lemma 2.5 to 2.14 for some small s , we have
m2 aj 2 s B y , s , j , =jŽ .H Ha a a a
B › Bs s
m2 aj 2 n y 2a a 2 n rŽny2.q s q j , 2.17Ž .H až /2 2n› Bs
where
2n y 2 ›j s ›ja a2< <B y , s , j , =j s j y =j q s .Ž .a a a a ž /2 ›n 2 ›n
Ž .From 2.16 we have
2lim j 0 B y , s , j , =j s B y , s , H , =HŽ . Ž . Ž .H Ha a a
a“l › B › B1 s s
2 2n y 2 aŽ .
< <s y › B - 0. 2.18Ž .12
Ž .Also from 2.16 and m “ 0 as a tends to l , we knowa 1
22m aj y n y 2Ž .a a Ž .2 2 nr ny2lim j 0 ? s q j y s 0.Ž . Ž .Ha až /2 2na“l › B1 s
Ž . Ž .2Multiply both sides of 2.17 by j 0 and send s to 0, a to l . Thea 1
Ž .right hand side of 2.17 becomes a negative number. However, the left
Ž .hand side of 2.17 is greater than or equal to zero. Contradiction! We
have thus established Proposition 2.2.
2.3. Finite Isolated Simple Blowup Points
In this subsection, we show that u has only isolated blowup points anda
these points must stay away from each other uniformly. Combining this
with the previous subsection we know that u has only finite isolateda
simple blowup points.
w x Ž w x.By a slight modification for the proof of Lemma 3.1 in 11 or see 9
and using Lemma 2.1, we have the following proposition.
PROPOSITION 2.3. Assume that l r2 - a - l and u is a solution to1 1
Ž . U Ž . Ž .0.1 . For any e ) 0 and R ) 0, there exist C e , R , C# e , R ) 0, such
that if
max u y ) CU e , R ,Ž . Ž .
V
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then there exist finite points in V denoted as
 4BL u s q , q , . . . , qŽ . 1 2 k
such that
Ž . y2rŽny2.Ž .i Each q is a local maximum point of u. Let r s Ru q ;l l l
Ž . Ž .then B q l B q s B for l / m andr l r ml m
y1 y2rŽny2.
2u q u u q x q q y ¤ x - e ,Ž . Ž . Ž .Ž . Ž Ž ..C B 0l l l 2 R
Ž . Ž < < 2 Ž ..yŽ ny2.r2where ¤ x s 1 q x rn n y 2 .
Ž .ii
Ž .y ny2 r2u y F C# dist y , BL u , ; y g V . 4Ž . Ž .Ž .
We now state our main proposition in this subsection.
PROPOSITION 2.4. Assume that l r2 - a - l and u is a solution to1 1 a
Ž .0.1 . Then for e ) 0 sufficiently small and R ) 1 sufficiently large, there
U U Ž U . Ž . Uexists a constant d s d e , R, C , such that if max u x ) C , weV a
ha¤e
< < Uq y q G d , for all 1 F l / m F k ,l m
U Ž . Ž . Ž .where C , q s q u , q s q u , and k s k u are the ones defined inl l a m m a a
Proposition 2.3.
Proof. We prove it by contradiction. Suppose the contrary; then for
 Ž .4some small e ) 0, large R, a , and u y satisfyingi i
yDu y a u s uŽnq2.rŽny2. , u ) 0, in Vi i i i i 2.19Ž .½ u s 0 on › V ,i
with max u G CU , we haveV i
lim min q u y q u s 0.Ž . Ž .l i m i
i“‘ l/m
Without loss of generality, we can assume that
d [ q u y q u s min q u y q u “ 0.Ž . Ž . Ž . Ž .i 1 i 2 i l i m i
l/m
Ž .In view of Proposition 2.3 i , we have that
B y2 rŽny2. q l B y2 rŽny2. q s B.Ž . Ž .R u Žq . 1 R u Žq . 2i 1 i 2
Ž . Ž .It follows that u q , u q “ ‘.i 1 i 2
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Ž . Žny2.r2 Ž . Ž .Let w x s d u d x q q , V s V y q rd . Without loss ofi i i i 1 i 1 i
Ž .generality, we assume s s 2 in Lemma 2.1. Therefore B 0 ; V . It0 1rd ii
Ž .follows that w x satisfiesi
Ž . Ž .nq2 r ny22¡yDw x q d a w x s w x in B 0Ž . Ž . Ž . Ž .i i i i i 1rd i~ 2.20Ž .¢w x ) 0 in B 0 .Ž . Ž .i 1rd i
Ž .From Proposition 2.3 i we know
Ž . Ž .y2r ny2 y2r ny2
d ) max Ru q , Ru q 2.21Ž . Ž . Ž .½ 5i i 1 i 2
and
Ž .y ny2 r2 4u y F C#dist y , q , q , . . . , q for all y g V . 2.22Ž . Ž .Ž .i 1 2 k
Ž . Ž Ž .Denote x s q y q rd for 2 F l F k; we have using 2.21 andl l 1 i
Ž ..2.22 that
¡w 0 , w x G R;Ž . Ž .i i 2
~each x is a local maximum point of w ;l i
Ž .ny2 r2¢  4w x dist x , x , x , . . . , x F C# ; x g V .Ž . Ž .i 1 2 k i
w xAs in 9 , one can show that
w 0 “ ‘, and w x “ ‘.Ž . Ž .i i 2
 4According to our definition, we know that 0 and x “ x are two2
Ž .isolated blowup points for w x . Therefore, from Proposition 2.2 we knowi
that these two points are exactly two isolated simple blowup points
Ž .for w x .i
˜After passing to a subsequence, we denote S as the set of blowup points
Ž .of w x and havei
˜< <min x y x : x , x g S G 1.½ 5m l m l
Ž .Without loss of generality, we can assume that w satisfies 2.4 for somei
Ž .R c 1 and assume passing to some further subsequence that
w 0 s min w x .Ž . Ž .i i
˜xgS
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From Proposition 2.1, we have
n ˜w 0 w x F C K , K ;; R _S. 2.23Ž . Ž . Ž . Ž .i i
Thus
U 2 n ˜lim w 0 w x s h x in C R _S ,Ž . Ž . Ž . Ž .i i l oc
i“‘
U n ˜Ž .where h x is a regular harmonic function in R _S. We know from
Bocher’s theorem that¨
y1 y1U U n ˜< < < <h x s a x q a x y x q b x , x g R _S,Ž . Ž .1 2 1
U n ˜where a , a G 0 and b is some regular harmonic function in R _ S_1 2
 44  40, x . Since 0 is an isolated simple blowup point, we know that1
U UŽny2.r2 Ž .r h r is nonincreasing near r s 0. It follows that h has a singular
 4point at 0 , that is, a ) 0. Similarly, we know a ) 0. Also noticing1 2
U U ˜ U ˜< <h G 0 and h “ ‘ as x “ S, we know that b G 0 as x “ ‘ or x “ S.
U Ž . nIt follows from the maximum principle that b x G 0 for all x g R _
˜  44S_ 0, x . Therefore, for some A ) 01
U < <y1 < < < <h x s a x q A q O x as x “ 0. 2.24Ž . Ž . Ž .1
Ž . Ž .Choosing s - 1 such that B 0 ; V , we apply Lemma 2.5 to 2.20 ons i
Ž .B 0 and gets
d 2 a w2 dxHi i i
Ž .B 0s
d 2a w2 n y 2i i i 2 n rŽny2.s B x , s , w , =w q s q w .Ž .H Hi i iž /2 2nŽ . Ž .› B 0 › B 0s s
2.25Ž .
Ž .From 2.24 , one can check that as s is small enough,
2 U Ulim w 0 B s , y , w , =w s B s , y , h , =h - 0. 2.26Ž . Ž . Ž . Ž .H Hi i i
i“‘ › B › Bs s
Ž .From 2.23 , we have
d 2a w2 n y 2i i i2 2 n rŽny2.lim w 0 ? s q w s 0.Ž . Hi iž /2 2ni“‘ Ž .› B 0s
Ž . Ž .2Multiply 2.25 by w 0 and send s to zero and i to ‘. The left hand sidei
Ž .of 2.25 is greater than or equal to zero, but the right hand side becomes
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a negative number. Contradiction! We have thereby established Proposi-
tion 2.4
2.4. Proof of Theorem 1.1
After completing the blowup analysis, we return to the proof of Theo-
5 5 ‘rem 1.1. Since u “ ‘ as a “ l , according to Propositions 2.2 andLa 1
2.4, we know that after passing to a further subsequence of a , we can find
Ž .  4 Uk points in V: BL u s q , . . . , q , q “ q as a “ l for l s 1, . . . , k,a 1 k l l 1
which are isolated and simple blowup points. Without loss of generality, we
Ž . Ž . Ž . Ž . Ž .assume that u q s min u q . Let w x s u q ? u x . Froma l q g BLŽu . a a a 1 aa
Ž .Proposition 2.1, we know that for any K ;; V_ BL ua
w x F C in K .Ž .a
Therefore,
w x “ w in C 2 KŽ . Ž .a 0
and w ) 0 satisfies0
¡ U U U 4yDw y l w s 0 in V_ q , q , . . . , q0 1 0 1 2 k~w s 0 on › V0¢dist q , › V G s , ; i s 1, . . . , k .Ž .i 0
Since qU , qU , . . . , qU are isolated simple blowup points, we know that1 2 k
Ž .  U U U4 Žw x “ ‘ as x “ q , q , . . . , q . It follows see, for example, the proof0 1 2 k
w x.of Proposition 9.1 in 9 that
yDw y l w s Ýk aUd U in V0 1 0 ls1 l ql 2.27Ž .½ w s 0 on › V ,0
where aU ) 0.l
However, we claim that there does not exist such a Green’s function.
5 5 ‘Therefore we derive a contradiction by assuming u “ ‘ as a “ lLa 1
and complete the proof of Theorem 1.1.
To prove the above claim we use a contradiction argument. If there is a
Ž . Ž .w satisfying 2.27 , we multiply both sides of 2.27 by w , the first0 1
eigenvalue of yD in V with the Dirichlet boundary condition, and have
k k
U U U
U0 s y w Dw y l w w s a d w s a w q ) 0.Ž .Ý ÝH H H0 1 1 0 1 l q 1 l 1 il
V V Vls1 ls1
Contradiction!
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